Abstract. A method for Tychonoff expansions using independent families is introduced. Using this method we prove that every countable Tychonoff space which admits a partition into infinitely many open-hereditarily irresolvable dense subspaces has a Tychonoff expansion that is ω-resolvable but not strongly extraresolvable. We also show that, under Luzin's Hypothesis (2 ω 1 = 2 ω ), there exists an ω-resolvable Tychonoff space of size ω 1 which is not maximally resolvable.
Introduction
A topological space X is called crowded (or dense in itself) if X has no isolated points. E. Hewitt defined a resolvable space as a space which has two disjoint dense subsets (see [17] ). A space is called κ-resolvable [3] if it admits κ-many pairwise disjoint dense sets. The cardinal ∆(X) := min{|U | : U is a non-empty open subset of X} is called the dispersion character of the space X. The space X is called maximally resolvable [2] if it is ∆(X)-resolvable; if every crowded subspace of X is not resolvable, then X is called hereditarily irresolvable (HI). Analogously, X is open-hereditarily irresolvable (or OHI) if every non-empty open subset of X is irresolvable. V.I. Malykhin introduced a similar concept of extraresolvable (see [20] and [6] ): a space is extraresolvable if there exists a family {D α : α < ∆(X) + } of dense susbets of X such that D α ∩ D β is nowhere dense in X for distinct α and β. Comfort and García introduced in [6] a similar concept of "strongly extraresolvable" calling a space X strongly extraresolvable if there is a family D of dense subsets of X such that |D| = ∆(X) + and |D ∩ E| < nwd(X, T ) for distinct D and E. Here nwd(X) = min{|A| : A ⊆ X and A is not nowhere dense in X}. For a survey of recent developments in this area, we refer the reader to [5] .
We shall study the following two questions. The first question was asked privately by W.W. Comfort and S. Garcia-Ferreira. In [6] , they have shown that every totally bounded topological group is strongly extraresolvable. In [14] , the authors proved that every strongly extraresolvable space is ω-resolvable and a countable space with certain properties is strongly extraresolvable. For instance, every countable weakly Fréchet-Urysohn space is extraresolvable. Here a space X is weakly Fréchet-Urysohn if for every x ∈ X, whenever x ∈ A there is a countably infinite family A of pairwise disjoint finite subsets of A such that for every neighborehood V of x, {B ∈ A : V ∩ B = ∅} is finite (see [14] ). Question 0.1 then arises naturally.
The second question was asked first in [3] and then in [5] . In [9] , F.W. Eckertson proved a consistent result in the positive direction: assuming the existence of a crowded, strong P κ , HI space, it is possible to prove that there exists an ω-resolvable Tychonoff space which is not maximally resolvable.
In this paper, we introduce the so-called KID-expansion. Using this tool, we can expand the topology of a Tychonoff space in such a way that a fixed family of pairwise disjoint dense subsets is still a family of dense subsets in the expansion, while any other family of pairwise disjoint dense subsets with cardinality big enough will not be a family of dense subsets in the expansion. We shall give a negative answer to the first question by proving that if a countable Tychonoff space X has a family of infinitely many pairwise disjoint OHI dense subsets, then X has a KIDexpansion that is ω-resolvable but not strongly extraresolvable. For the second question, we prove that, under Luzin's Hypothesis (2 ω = 2 ω1 ), there exists an ω-resolvable Tychonoff space of size ω 1 which is not maximally resolvable.
The concept of an independent family was introduced in [16] . See also [18] , [8] . We use the definition in [18] . Let X be a set and let I be a subfamily of P(X). The family I is called a uniformly independent family on X if for any distinct
For a space X, T , the density is denoted by d(X) and the open density od(X) is defined as od(X) = min{d(U ) : U is an empty open set in X}. When od(X) > ℵ 0 , we call X an open-hereditarily inseparable space (OHIS). Given a space X, let S(X) be the smallest cardinal number κ such that there is no disjoint family of size κ of non-empty open subsets of X (see [8] ). If A is a subset of the space X, T , then we use A, T to denote the set A with the topology inherited from X, T .
For other notation and terminology, the reader is referred to [10] .
1. KID-expansions Definition 1.1. A dense partition of a space X is a partition of X which consists of dense subsets.
We want to expand a topology in such a way that some selected dense subsets are added as new open sets, while a fixed dense partition in the original topology is preserved as a dense partition in the expansion. 
Since D is dense in X, the expansion T must be crowded.
(=⇒) Suppose that for some α < κ the set D ∩ X α is not dense in X α . Then there exists some non-empty open set
We start from a matrix of dense subsets, that is, we begin with a κ × τ dense partition D = {D γ α : α < κ, γ < τ} of X. When expanding, we want to keep the union of each row {D γ α : α < κ} dense. In order to get a crowded expansion, we use an independent family on each column.
When expanding, we are going to kill any dense partition with cardinality big enough by adding some new open sets which are members of that partition excluding some "good" subsets. The concept of "good" sets with respect to a partition is introduced in Definition 1.3. We shall show in the next section that, fixing a dense partition D, every other dense partition D with cardinality big enough contains an element that is a good set with respect to D. Definition 1.3. Let X, T be a space and let E = {E α : α < κ} be an arbitrary partition of X, T . A subset K ⊆ X is called a "good" set with respect to E if for every α < κ the set K ∩ E α has empty interior in the subspace E α , T .
Clearly, there are at most 2 |X| -many good sets with respect to any partition of X.
It is a well-known result (see [18] Lemma 24.8) that for any infinite cardinal κ, there exists a uniformly independent family of size 2 κ on κ. Now we define the so-called KID-expansion. Definition 1.4. Let X, T be a Tychonoff space.
(1) Let κ, τ be two cardinals such that κ ≥ ω and κ ≥ τ ≥ 1.
κ } be a family of good sets with respect to D with possible repetitions.
Clearly, any KID-expansion is a Tychonoff expansion. In this paper, we shall only consider KID-expansions with D a (κ × τ )-matrix of pairwise disjoint dense subsets.
KID-expansions have some good properties.
We claim that for each K ∈ K and any α < κ, γ < τ, the set X
cannot be a singleton. Therefore, T KID has no isolated points and ∆(T KID ) ≥ od(T ) · τ . From the above proof, one can also see that each X γ , γ < τ, is dense in T KID .
The second useful property is given in the following theorem, which shows that some KID-expansions preserve the Souslin property. Proof. It is enough to show that every uncountable family of basic open sets has a pair with non-empty intersection.
Let {U β : β < ω 1 } be a family of basic open sets, where each U β is of the form:
κ . Consider the family of all index sets A β = {β 1 , ..., β k β }, β < ω 1 . This is a family of finite subsets of ω 1 . According to the ∆-lemma (see [18] Lemma 22.6), there exists a subset A ⊆ ω 1 and a finite set J such that |A| = ω 1 and for distinct
Since J is finite, there exists an uncountable subset B ⊆ A and a fixed choice D θ ∈ {W θ , X \ W θ } of C θ for each θ ∈ J such that for any β ∈ B, the set U β can be written as
Then for any ζ, β ∈ B, we have
For each β ∈ B and each i < k β , let I C β i = I βi if C βi = W βi and I C β i = κ \ I βi otherwise. Since I is an independent family, for distinct ζ, β ∈ B, we have
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Let p be a point in this set. Since each X γ α is OHI, for each γ < τ and some nowhere dense set K, the following holds:
Since X, T has the Souslin property, there exist ζ = β ∈ B such that O ζ ∩O β = ∅. For this ζ and β, we have From the following lemma, we can see that given a dense partition D = {D α : α < κ}, any sufficiently large DFI-family contains an element that is good with respect to D.
Lemma 2.3. Let κ, τ be two infinite cardinals such that τ < cf(κ).
Let X, T be a space, and let {X α : α < τ} be a family of dense subsets such that X = α<τ X α and S(X α ) ≤ κ for all α < τ. Then for any DFI-family E of size κ in X, all but < κ-many members E of E satisfy the following: For any α < τ the set X α ∩ E has empty interior in X α , T .
Proof. Suppose that there exists a subfamily E ⊆ E of size κ such that for each member E ∈ E , there is σ(E) < τ such that X σ(E) ∩ E has a non-empty interior in X σ(E) . Under the map σ : E → τ given by E → σ(E), some α < τ has preimage of cardinality κ, so we assume without loss of generality, passing to a suitable subfamily of E if necessary, that for some fixed α < τ we have: for each E ∈ E , the set X α ∩ E has non-empty interior in X α , T . Since E is a DFI-family, for distinct E, E ∈ E , we have int Xα 
Corollary 2.4. Let everything be as in the above lemma. If each X α is also OHI, then all but < κ-many members in E satisfy the following: For any α < τ the set
Proof. Use the same argument together with the fact (from OHI) that if for some E ∈ E the set E ∩ X α has empty interior in X α , T , then E ∩ X α is nowhere dense in X α , T . Now we prove that every countable Tychonoff space with a dense partition consisting of infinitely many OHI dense subsets has a KID-expansion that is ω-resolvable but not strongly extraresolvable. c / E has size 2 c with each coset homeomorphic to E and dense in {0, 1} c . Let X = n x n E, where {x n : n < ω} is a countable infinite subset in {0, 1} c , so that the cosets x n E are distinct. Then X with the subspace topology from {0, 1} c is a Tychonoff space with a dense partition of HI dense subsets and has the Souslin property. By Theorem 2.5, X has a KID-expansion that is ω-resolvable but not strongly extraresolvable.
Theorem 2.5. Suppose X, T is a countable Tychonoff space with a dense partition D = {X

Answering Question 0.2
In [3] and [5] , the authors have asked whether ω-resolvable, not maximally resolvable, Tychonoff spaces exist. In [9] , Eckertson gave an example under the assumption of the existence of "a crowded, strong P κ , HI space". In the same paper, it was shown that the existence of such a space is equiconsistent with the existence of a measurable cardinal. In this section, we show that, under Luzin's Hypothesis (2 ω = 2 ω1 ), we can find an example of size ω 1 . Let us first introduce the following concept. Definition 3.1. A space X, T is κ-condensed if there exists a family K of nowhere dense subsets such that |K| = κ and every nowhere dense subset of X is contained in some element of K.
For cardinals κ, τ , we define as usual τ <κ = Σ{τ θ : θ < κ}.
Lemma 3.2. Let X, T be a space. If w(X) ≤ τ , then X is τ <S(X) -condensed.
Proof. Let B = {B α : α < τ} be a base for X, T . For any maximal pairwise disjoint subfamily A of B, we have |A| < S(X) and A is dense in X, T . Let K be the family of all sets expressible as the union of a maximal pairwise disjoint subfamily of B. An easy counting argument shows that |K | ≤ τ <S(X) .
Clearly each element in K is dense and open in
We show that every nowhere dense subset of X, T is contained in some element in K. Let K be a nowhere dense subset of X. Let A be a maximal pairwise disjoint subfamily of B such that each element in A is contained in X \K. Then A ⊆ X \K and A ∈ K . Hence (X \ A) ∈ K and K ⊆ (X \ A). Now, we prove the following useful theorem.
Theorem 3.3. Let X, T be a Tychonoff space, and let τ < cf(S( X, T )).
Suppose X, T is 2 τ -condensed, and has a dense partition consisting of τ -many OHI dense subsets. Then X, T has a KID-expansion with dispersion character
τ -condensed, and a nowhere dense subset in a dense subspace of X, T is also nowhere dense in X, T , each dense subset of X, T is also 2 τ -condensed. Hence there is a family K of good sets with respect to D such that |K| = 2 τ and every nowhere dense subset of X is contained in some element in K. Let us write K as {K β : β < 2 τ }.
τ } be a uniformly independent family on τ . By Lemma 1.5, T KID is τ -resolvable, and it has dispersion character ≥ od(T ) · τ . We show that X, T KID is not S( X, T )-resolvable.
We use the same argument as used in the proof of Theorem 2.5 to show that T KID has no dense partition of size S( X, T ). By Corollary 2.4, every dense partition of size S( X, T ) in X, T contains some good set K with respect to D. By our definition of the family K, this set K is contained in some K β for some β < 2 τ . But in our definition of the KID-expansion, we have W β ∩ K β = ∅, and hence W β ∩ K = ∅. Therefore, K is not dense in T KID and T KID has no dense partition of size S( X, T ). Hence X, T KID is not S( X, T )-resolvable.
Corollary 3.4. If X, T satisfies the following conditions, then it has a KIDexpansion that is ω-resolvable but not maximally resolvable.
(1) It is a Tychonoff space of size ω 1 and has the Souslin property, (2) it is an OHIS space and has a dense partition consisting of ω-many OHI subsets, and
Tychonoff spaces which satisfy the first two conditions in Corollary 3.4 exist in ZFC. To show this, it is enough to prove the following theorem. ω1 . Fix a point x ∈ {0, 1} ω1 . Then the σ-product D 2 := {y : y ∈ {0, 1} ω1 , |{α < ω 1 : y(α) = x(α)}| < ω} is a dense set in {0, 1} ω1 . In fact, we have
Much as in the proof of Theorem 2. Let β = γ + 1. If D γ is already irresolvable, then we stop the inductive construction. If both 
Clearly the induction stops after τ steps for some ordinal τ ≤ 2 ω1 . It is easy to see that the set
Remark 3.6. It is proved by a different method in [7] that for any infinite cardinal κ, there exists an irresolvable dense subset D in {0, 1} Then X with the topology inherited from {0, 1} 2 ω 1 satisfies the first two conditions in Corollary 3.4. Hence X satisfies all the three conditions in Corollary 3.4 when Luzin's Hypothesis is assumed. Therefore, the space X has a KID-expansion that is ω-resolvable but not maximally resolvable.
Since a space satisfying the three conditions in Corollary 3.4 can be embedded into R c , where R is the real line with the usual topology, a natural question is the following. We show, in the following theorem, that a positive answer to this question will give a space which satisfies all three conditions in Corollary 3.4. Proof. Let D be an OHIS, irresolvable, dense subset in Q c . Without loss of generality, using a similar argument as that in the proof of Theorem 3.7 if necessary, we assume that D with the topology inherited from Q c is hereditarily irresolvable. Since Q c is dense in R c , the set D is also dense in R c . Consider the quotient R c /Q c . Let X := n x n D, where the set {x n : n < ω} is a countable infinite subset of R c such that the cosets x n Q c are distinct. Then X with the topology inherited from R c satisfies the first two conditions in Corollary 3.4. The space X satisfies the third condition too, since w(X) = w(Q c ) = w(R c ) = c. Hence, by Corollary 3.4, the space X has a KID-expansion which is ω-resolvable, but not maximally resolvable.
